Abstract. Let C be a commutative ring, and let R be an associative Calgebra generated by elements fx1; : : : ; x d g. We show that if R satis es the Engel condition of degree n then R is upper Lie nilpotent of class bounded by a function that depends only on d and n. We deduce that the Engel condition in an arbitrary associative ring is inherited by its group of units, and implies a semigroup identity.
As part of his positive solution of the restricted Burnside problem ( 12]), Zelmanov proved that every nitely generated Lie ring satisfying the Engel condition x; y; y; : : : ; y | {z } n ] = 0 is nilpotent. In Lie algebras over a eld of characteristic zero, the Engel condition implies nilpotence | not just local nilpotence. This result was proved by Kemer ( 3] ) for the class of Lie algebras arising from associative algebras, and later by Zelmanov ( 11] ) for general abstract Lie algebras. It is known, however, that this result fails to hold for general Lie rings, and in particular fails for Lie algebras arising from associative algebras over elds of positive characteristic ( 5] , 8]). Perhaps the simplest example is the tensor square of the (nonunital) Grassmann algebra of a countably-in nite-dimensional vector space over a eld of characteristic p > 2. In fact, it is nil of bounded index 2p but not Lie nilpotent; which is to say, it is not nilpotent when considered as a Lie algebra ( 6] , 7]).
Let C be a commutative (unital) ring, and let R be a nitely generated (associative) C-algebra. It is not strictly necessary for us to assume that R is unital, but we shall as a matter of convenience. The primary purpose of this note is to prove that if R satis es the Engel condition then R is Lie nilpotent.
Since such rings need not be nitely generated as Lie rings, our result is not included in Zelmanov's. Shalev, however, proved the above result in the case when C is a eld of positive characteristic ( 10] ).
Furthermore, we are able to show that R is Lie nilpotent in a stronger sense.
De ne a descending central series of associative ideals f i (R)g in R by 1 implies Lie nilpotence, the converse need not be true (as was conjectured by S.A. Jennings). Indeed, the Grassmann algebra over a eld of characteristic not 2 is Lie nilpotent of class 2 but not upper Lie nilpotent, while Gupta and Levin constructed a similar example in characteristic 2 ( 2]).
Theorem. Let C be a commutative ring, and let R be a nitely generated associative C-algebra which is generated by d elements and satis es the Engel condition of degree n. Then A semigroup identity is the equality of two words in the free monoid on countably many letters. We remark that Corollary 2 settles the ring-theoretic analogue of a problem raised by Shirshov ( 4, Problem 2.82]): does the variety of groups satisfying an Engel identity satisfy a semigroup identity?
Proofs
All associative rings considered below will be assumed to be unital. We denote the usual descending central series of a group or Lie ring by f i ( )g. Proposition 1. Suppose that R is generated as an associative C-algebra by a Lie subring L which is nilpotent of class s. is a su cient reference. Write R = F(d; n). Let J be the Jacobson radical of R. Because R is a nitely generated PIring, J is nilpotent by a theorem of Braun. We claim that 2 (R) J; which is to say, R=J is commutative. Indeed, since R=J is a semiprimitive PI-ring, by a theorem of Kaplansky, it is a subdirect product of full matrix rings over Let L be the Lie subring of R generated by the nitely many associative generators of R. Since 2 (R) is nilpotent, R is (associatively nilpotent)-bycommutative, and hence Lie solvable. Thus L is a nitely generated solvable engelian Lie ring, which is nilpotent by a theorem of Gruenberg 1] . The result now follows directly from Proposition 1.
We denote the upper nilpotence class in the conclusion of Proposition 2 by f(d; n).
To prove the Theorem, let S be the subring of R generated by its d Cgenerators. Then S is upper Lie nilpotent of class f(d; n) since S is a homomorphic image of F(d; n). Since upper Lie nilpotence corresponds to a multilinear identity and R is a homomorphic image of S Z C, the result now follows from Proposition 2.
We now prove Corollary 1. Let R be a ring satisfying the Engel condition of degree n, and let S be the subring in R generated by fu; v; u ?1 ; v ?1 g, where u; v are arbitrary units in R. Then S is upper Lie nilpotent of class at most f(4; n). The result now follows from the inclusion m (U(S)) 1 + m (S); which is readily established by induction.
Finally, we prove Corollary 2. Suppose that R satis es the Engel condition of degree n, and let S be an arbitrary 2-generated subring of R. Then S is Lie nilpotent of class at most c = f(2; n). It follows by induction that S satis es the Morse identity x c = y c de ned by x 1 = xy; y 1 = yx; x i+1 = x i y i ; y i+1 = y i x i . Hence R also satis es the semigroup identity x c = y c .
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